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ner; the r esults obtained in the four beams were very 
consistent and differ d very slightly from each 'uther. 
Fig. 8 shows the actual lengthening or sh:ortening 
plotted with reference to the depth of t he beam in a 
similar manner t o that employed in the strain curves 
1, 2, 3, ?-nd 4 inTthe plain concret e beam F ig. 6. In F ig. 
8 five st rain curves are pl<>tted for fiv t: corresp'onding 
bending moment s, and t he stress ,curves derived from 
the strain curves /by means of Fig. 5 are complete on the 

compression side of the neutral axis. The curves on 
t he tension side are necessarily incomplete as Fig. ;) 
does n'.)t furnish the data for continuing ' the curves 
beyond the points shown, which is the tensile strength 
of the plain concrete. The stress in the steel reinforce­
ment is determined from the extensions measured, and 

. the coeffi ci nt of elasti-city of , the steel. 

.Fig, 8.-Distribut ion of Strain, and equiYalent Stress, over th e 
Cross Section o f Reinforced Concrete Beams as experimen-
ta lly determin ed, -
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Th urves 1, 2, 3, 4 and 5 in the st r ain diagram 'vn 
t he left of E1g . . 8, show t hat a plan se t ion before 
flexure is not a plain, section aft r ft X UI' and t hat the 
deviation f r om the plan is r eat er as t he bending 

, mom nt incr ea ses. gain t he neut ral axis moves f rom 
. t be nt r 'of tbe beam vw~rds tbe compression "'ide 
3:s t he bendin O' mom nt iPct ases. The diagram shows 
that t be neutral axis fOl~ a ' bending mom nt of 1 1 ' ~ " 

incb ons i 1 '9 inches f r <?m t he c nt r e, and for the mean 
. b nding moment obt ain; d, in te t ing t h four beams 
199 '4 inch tvns, t he neut ral axis would be n ea r er t o t he 
ex r eme fibre in compression. Tbe stress 'curves d -

,r iv d from tb strain curv s are fairly traigbt for a 
b nding moment a~out on ·tbird of tbat prod ucinfY 

fra t ur e, but tJ? y are c~r d for greater bending 
moments, curves 4 and 5 being approximat ely' par ab\)lic. 
Fig. 9 sh9w~ the ~esult of test ing b ams IlL, I V., Y ., 
and y r., but only t he st r s curves on t be compr ession 
side ot the neut al ari are shown; t hey ar e very s imilar 
to the s t ress curves on t ll cvmpression side of Fig; 8. _ 
The neutral axis move from t he centre of tbe dept h 
of th~ beam in all f.ou r cases, to m or e than 2 inches 
towa rdg tb extreme fibre in 'Compressi'on, a ls'\) t he 
curves 1 are practically traight lines, wper ea s 2, 3, 
a nd 4 are approximately parabolic. 

The form of t be curve of compressiv stre s in a rein­
f orced concret e beam t ested to t he breaking p'vint is 
t herefore fairly r epresent ed by a parabolic curve, hav­
ing its origin in t be neutra l axis, and its maximum 
ordinate at the extreme fibr e in compression. 

Experiment s wer e a lso made on four c'vncret e beams 
consis ting of 1 of cement, 2 of sand, and 3 'of. basalt 
rock broken t o a gauge of % incb. Tbe beams were _ 
10 x 10 inches in crvss-sect ion. No.1 was t ested on 
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11 span 'of G fe t centres, and ~os . 2, 3, and 4 on a span 
of 15 fe t centres, the loads were in each case applied 
in the centre. 'l' be deft ctions wer m asured, also the 
extensions of tbe extr me fib!;' on the t nsion sid ,and 

the extensions and 'Sb'vrteninO's of the beam at l :1fi1, incbes 
from t he extreme fibre 'on tbe tension and compression 
s ide of t be beam. 

Fig. 9.-Curves showing the di tribution of the Compres ive 
Stre ses ver the Cross Section of a Reinforced Concrete 
Beam as obta ined by experiment. 
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Figs. 10 to i3 show the deflections, also t he exten­
sions and shvrtenings obtained in t he four beams . 

. 
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F ie-. 12. 

Extensions on :zo inches in units 0: .OOJ4 inches. 

15 30 45 60 75 90 10 5 120 135 

Fig. 13. 

It wj]] be obs n ed tbat tbe loads a nd deformations in 
three_ beam~ 2, 3, 4, ~re very regular, and differ _little 
fl'om ea'cb other , and it was considered that the mean 
obta ined would be more useful. The mean of tbe results 
~)II t hese three beams are given in the fo llowing t able: 
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TABL E XIX.-AVERAGE RESULT OBTAINED FROM TESTI NG 
THREE CONCRETE llI£AMS. r einforced with three steel rods 
t inch d Iameter, span 120 inohes; cross sectioll 10 x ] inches. 
Composition, 1 oement, 2 fand, 3 of :t inch shivers. Length, I I 
feet ; weight, 1020 pounos. Age,] 05 daJs. 

J.oad in Tons I Extension. on Iloti~n~~~~ ff I ?n ~~r;~~~3o~,! I 
• Extreme FIbre. m ch from top mch from tbe 

M Hearn. bott-om of Beam 
______ .~~--L------

' 4 
'8 

h! 
]'6 

2'0 
2'4 
2'~ 
3' 2 
3 '6 
4'0 
4 '4 
4'8 
5 '2 
(j'6 

6 '0 
6 '4 
6 '8 
7'2 
7 '6 

'0 
8'4 

'H 

'0005 
'0013 
. 02J 
'0033 
'OOfi 
'0068 
'001;4 
'0] 02 
'0126 
'OI GO 
'0174 
'0195 
'02 U1 
'0240 
'0264 
'028 
'031~ 
• 311!) 
'03 6!1 
,040() 
'01 29 
04(.9 

·oaOl r. 
'00046 
'0008a 
'00 114 
' OOI SII 
'00252 
'00322 
·;:tJ409 
'005l' 
'0060:! 
'0(i70~ 
'0017!) 
'00917 
'!.Jl04il 
'0114l 
'01 25G 
·01 407 
'Ol55u 
'0174:.! 
'01800 
' 02 l!1l 
· (J~.J42 

'00)] S 
'OUOi 9 
,ooln 
'00162 
'00199 
'00252 
'0030~ 
'00357 
'00404-
'00457 
• 0516 
'00571 
'00621 
'0067 ;, 
'OOn4 
'00i93 
'OOS!!7 
'0094;; 
'OW I 6 
'0 1094 

. '01 2( 8 
'(11:'118 

DeHection in 
I ncbes. 

'0038 
' 0098 
'0169 
'024'2-
'0401 
'0574c 
'0670 
'lOll 
'104} 
'1150 
' 1432 
'H9tf 
'1708 
'1 952 
'21"9 
'239~ 
' 2662 
'2S14 
'3(129 
'31 35 
'3283 
' :lfliiB 

NOTJ!,-The a.verage leall producing Lh e fi rst crack was (,"3 tOil', "nd ' 
t he breaking load 9'6 tons, 

The curves showing the extensions, Fig. 10, all show 
very rapid increase in ext ension for t he gradually in­
creasing load~ applied, and coi'responding diminution of 
the coefficient 'of elasticity of the reinforced concret e in 
t ension. ~he other stress-strain diagrams show t he 
same peculiarities, but t o a lesser extent. In the curves 
of loads and deflections, F ig. 13, show a very small de­
flection up to a load 'uf 3 tons, after which the deftections 
increase more ra-pidly up to the breaking point. This 
change in. the stress-strain diagram is characteristic~ 

and is seen more or less well defined in all load deflection 
curves with ·-r einforced concrete beams. The curveil~ 
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after passing this p.:Jint b com mu h traighter, and 
resemble those oJ) ained in dir ct t nsion tests. 

Four concrete beams of similar composition and di­
mensions without reinforcement were tested in a similar 
manner t.:J the fore oinO' for the purpos . f comparison. 
Comparing the r esults ·obtained from the unl'einforc d 
with the reinforced oncr te beam the sam chara tel'­
istic differences were observed in th increas loads 
carried by the reinforc d beams, and the enorm.:J IlS in­
crease in detl tion bef.:Jre fracture. 

The experiments h ow that the extensions in rease 
in a r einforced beam from the point where the maximum 
t ensile str ngth of the unreifn·orc d oncr te beam has 
been attained to the point where fracture occurs, where 
it may be ten t imes as great as in a plain c.:Jncrete bea.w. 
The tensile coeffident of elasticity in a I' inforced beam 
becomes l'ess in proportion to the .greater 'extensi.:Jn, 
s ince the tensile strength of the concrete remains con­
stant during the period included betw en the point 
where t he fracture would ·occur in a plain beam tJ t he 
actual fracture in the reinforced beam. 

The equations for calculating the position of the neu­
tral axis, and the moment of resistance of a r inforced 
beam 'of c·oncrete or mortar may be found in the follow­
ing manner (Figs_ 14, 15, and 16) :-

j< - - .. 6-. - - - -.,J 

I '" 
I 

h 

Fig. 14. 

-. 
I 
I 

hu 
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Let h x = the distance from the compression face to) 
t he neutral axis of the beam. 

h u = the dis tance from t h compression face to 

t he c ntre of gradty of the reinforcement. 

h (1 -- x) = th distan e frvm t he n eut..ral axis to 

the tension fae . 
h = .th total depth of the beam. 
Es Ec Et = the coefficient of elasticity of the metal 

r einfor ce'ment, ' the concrete in compression, 
a nd the concrete in t ension r espectively. 

c = the compre ~ sive strength in the 'extreme 

outer fibre of t he concr ete. 
t = the tensile stress in the 'extreme 0';lter fibre of 

the concrete. . 
f = t he str ss in the metal r einfor cement which 

should not exce d the elastic limit of the metal. 
p = the r atio of the area of the reinfvrcement ~o 

t he area of that of the beam, t hus, if a = the 

total area of the metal p = ~ where b 
bit 

= the breadt h of the beam. 

We assume that a plain section before flexure remains 
p lain during flexure,. or if ab ) Fig. 15, repr~sents a line 
perpendk ular to the neutral axis 'vi t he ' beam before 
flex ure, then alb' r epresents the position of the line 

~ 

after fl exure. This is a usual assl lmption, but it is not 
l'ltrictly true, as can 'be ' proved by meas ur ing the st rains 
-on the faces of a beam with delicate extensometer~s, 

l'l llch as Martens' mirror apparatus; but the assumption 
is sufficientLy apprvxirnate in this case, having in view 
t he unavoidable variation in the physical properties of 
'concrete. The form of the stress strain curves 'obtained 
by testing beams and prisms in cross-breaking, t ension 
:lnd compression are sh'vwn on the numerous diagrams 
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in t he paper , from which it will be seen t hat the area 
of t he ,curves (Fig. 16) above and below the neutral axis 
.are approximat ely :-

5 8 - h x c and _It( l- x)t r pective]y. 
8 10 

It is a lso clear that:-

.' ~=E" ( ~) ( l ) 
t E t I-x 

Equating "the t ensile and compressive forces :-

5 8 
~8 xc= - (I- x) t+pf. .. (2) 

lU 

Substitute for c and J from (1) and (2) we have :­
F or P read p 

~Ecx2t =! (I-x)t + pt E s(u- x) 
8 E t( l- x ) 10 E t(l- x) 

5 Ec 2 8 (1 \ 2 + E s ( ) (4 - --,- x = ~ - X I P- u- x .. . ) 
ts E t llJ Et 

F r '.)m which quadratic equanon x may be found. 
Take moments about t he p'oi}J,t ,of application of t he 

resultant of t he compressive stresses we have the 
m oment of ['esis tance of a unit sect ion :-

M 8t 1-6 • ' . ~ , J (ilU:"-X) ~ = - (1 - x) - (l- x )+ - x +iP ~-
bh' 10 10 ' 3 3 

" = ~ t (9 - ilx - x ' ) + iP (3U-X ~ 
150 , 3 -) 

Tv fi nd t he moments of resistance for any intensity 'of 
stress in the concrete we must substitute in equation 
(4) t he values of E. a nd Eo for t he particular st resses 

c and t a nd find x which should be subst itut ed in equa­
tion (5) to find M, When a crack has developed 'on the 
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tension face of the concrete t = 0 and equat iun (4) be­
comes:-

.!!.:r = p E· (u- x ) ... (6) 
8 E e 

Equation (5) becomes ~r-

::. =fP eu~ x ). .. 

Equation (6) may be solved for x thuB:-

x = ~ ,/lO pEs2t+ 4P'E." _ ~ P Es .. . (8)' 
5 'V E c E c' 5 E e 

If we apply t hese results to t he .. concrete beams Nos. 
2, 3, "and 4, recorded in Table XlX. and F)gs. 10 .:> 13 
we have the following data :-

!'~ = 1:J, U = o'g,P = 0'018 

Tests made on th steel rods used in the reinforce-
ment g ve the fo llowing result s :-

k's = 31,000,000 lbs. per square inch. 
Limit E = f -- 42 000 lbs. per square inch. 
Ultimat strength = 29 tons per square inch. 
Elongation on 10 inches = 25 per cent. 
Contracti.:>n of area = 69 per cent. 

The equations become then :-

x = ~ r 108 P + 576 P - 9'6 P 
5..; 

M == 4 2000 ('2 '7 _ x )P 
bIz' 3 

,,= 14000 {2.7 - :r)p. 

(= l3 Pf = 67200 P 
5x x 

x =0'4] M':' 576'828 
. , bh' 

F rom which we obtain:-
,C = 2950 pounds per squal"e inch. 

H is assumed that the extensi'on of t he steel rods i~ 

the ' same as the concrete "in which it is embedded, and 
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that consequently there is no slip, and that a stress 'Jf 
43,000 lbs. per square iuch was developed in the teel 
l'ods at the moment of fracture. If the length of the 
beam is insufficient to provide the necessary adhesion 
area to develop this stress the beam will fail with a 
smaller IJad. The average load -causing a cra k in the 
three beams was 8 . ons, and t l1e b nding moment con­
sequently 591.360 inch tons. 

:. l}£ = 59 1'360 
bh2 

The mean extension per inch obtained from t he mirror 
extensometers showed that the elastic limit 'of the st el 
was just r eached at the moment 'uf fracture. The 
moment of r esistance obtamed in the fo'regoing cal ul a­
tions is s uffiCiently near t he mean re 'ult obtained in 
the testing of tl1e thr e beams to prove the accuracy of 
the meth0d adopted in the caJ.culations. 

This subject has been investigated in E urope and 
America by various -experimenters. The elaborate work 
of M. Consid £l,rel a nd Profess'or Hatt2 may be specially 
ment ioned. The equations obtained by these auth'0ri­
ties a re very similar to those given by the writer, a nd 
are expressed as fo llo ws for the sake 'of comparison: 

Considere '0btains:-

c = ECf(~ ) ... (l) 
E· u - x 

tl ( - x ) + jp =Ecj ( ~ )}(2) 
2Es ~u- x 

1 Experimental researches on reinfor ced .concrete by Armand 

Consid'ere Ingellieur en Chef des' Ponts et Chausees, P aris. 

2 See Egnineering News, J uly 1902. 




